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1. Introduction
For any x ∈ (0,1], let σ1(x) ∈N be the unique integer such that
1
σ1(x)
< x 1
σ1(x) − 1 , (1)
and the Lüroth map T : (0,1] → (0,1] be given as
T (x) := σ1(x)
(
σ1(x) − 1
)(
x− 1
σ1(x)
)
. (2)
One can see that σ1(x) = [1/x] + 1, where [·] denotes the integer part. The sequence {σk(x), k 1} is deﬁned as follows
σk(x) = σ1
(
T k−1(x)
)
, (3)
where T k denotes the k-th iterate of T (T 0 = Id(0,1]).
From (1) and (2), we deduce that any x ∈ (0,1] can be developed uniquely into inﬁnite series of the form
x =
∞∑
n=1
1
σ1(x)(σ1(x) − 1) · · ·σn−1(x)(σn−1(x) − 1)σn(x) . (4)
This series, called Lüroth expansion, was introduced in 1883 by Lüroth [10]. We denote the Lüroth expansion of x ∈ (0,1]
by x = [σ1(x),σ2(x), . . .] for simplicity.
The Lebesgue measure is T -invariant and is ergodic (see [8]). For other metric and ergodic properties of the sequence
{σn(x), n 1} and T , see Barrionuevo et al. [2], Dajani and Kraaikamp [3,4], Galambos [7] and Schweiger [11].
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Dn =
{
(σ1, . . . , σn) ∈Nn: σk  2 for all 1 k n
}
,
D =
∞⋃
n=0
Dn (D0 := ∅).
For any ω = (ω1, . . . ,ωl) ∈ Dl , τ = (τ1, . . . , τk) ∈ Dk , the notation ω ∗ τ = (ω1, . . . ,ωl, τ1, . . . , τk) denotes the concatenation
of ω and τ . For any σ = (σ1, . . . , σn) ∈ Dn , the set
Iσ = Iσ (σ1, . . . , σn) :=
{
x ∈ (0,1]: σi(x) = σi for 1 i  n
}
is called a cylinder set of order n.
In this paper, we consider the following sets Cn (n = 2,3, . . .), which we will refer to as the sum-level sets:
Cn :=
{
Iσ : σ = (σ1, . . . , σk) ∈ Dk, k ∈N;
k∑
i=1
σi = n
}
. (5)
We prove that the Lebesgue measure of these sets vanishes as the level tends to inﬁnity.
Theorem 1.1. Let Cn be the sum-level sets. We have
lim
n→∞λ
( ⋃
I∈Cn
I
)
= 0,
where λ denotes Lebesgue measure.
An analogous question of regular continued fraction expansion was ﬁrst introduced by Fiala and Kleban [6], and it was
conjectured that the Lebesgue measure of sum-level sets for regular continued fraction expansions tends to zero for the
level tending to inﬁnity. This conjecture had been solved by Kesseböhmer and Stratmann [9], and the proof was based on
recent progress in inﬁnite ergodic theory. In [12], Shen and Wu introduced the error-sum function of the Lüroth series.
They studied some elementary properties of this function and they determined the Hausdorff dimension of the graph of
this function. In a recent paper, Barreira and Iommi [1] gave an exhaustive investigation of the fractal dimension theory of
the level sets deﬁned in terms of the frequencies of digits in the Lüroth expansion.
2. Preliminaries
In this section, we collect some elementary properties of Lüroth expansion that will be used later. For a wealth of
classical results about Lüroth expansion, see the book by Galambos [7].
Lemma 2.1. (See [7].) The series in (4) is a Lüroth expansion of some x ∈ (0,1] if and only if
σn(x) 2, for all n 1.
Proposition 2.2. Let bn be the number of cylinder sets contained in Cn, then the sequence {bn}∞n=2 is the Fibonacci sequence, that is,
b2 = b3 = 1 and bn+1 = bn + bn−1, n = 3,4,5, . . . .
Proof. By Lemma 2.1 and the deﬁnition of Cn , we have⋃
I∈Cn
I =
⋃
k1
⋃
σ1+···+σk=n
σi2, 1ik
Iσ (σ1, . . . , σk)
=
(
1
n
,
1
n − 1
]
∪
( ⋃
k2
n−2⋃
σk=2
⋃
σ1+···+σk−1+σk=n
σi2, 1ik
Iσ
)
=
(
1
n
,
1
n − 1
]
∪
n−2⋃( ⋃
Iσ∗(n−m)
)
.m=2 Iσ ∈Cm
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k, l ∈ {2,3, . . . ,n − 2} with k 	= l, we have
Iσ∗(n−k) ∩ Iτ∗(n−l) = ∅ for all Iσ ∈ Ck, Iτ ∈ Cl.
Then we obtain
bn = bn−2 + bn−3 + · · · + b2 + 1 for all n 4,
where b2 = b3 = 1.
It follows that
bn+1 = bn + bn−1, n 3. 
Lemma 2.3. (See [7].) For any σ = (σ1, . . . , σn) ∈ Dn, n ∈N, Iσ is the interval with the endpoints
n∑
i=1
1
σ1(σ1 − 1) · · ·σi−1(σi−1 − 1)σi
and
n∑
i=1
1
σ1(σ1 − 1) · · ·σi−1(σi−1 − 1)σi +
1
σ1(σ1 − 1)σ2(σ2 − 1) · · ·σn(σn − 1) .
Thus,
|Iσ | =
n∏
k=1
1
σk(σk − 1) ,
where |I| denotes the length of the interval I .
Lemma 2.4. (See [7].) The number x is rational if and only if x has an ultimately periodic expansion.
Remark 2.5. By Lemmas 2.1 and 2.4, we know that lim inf(
⋃
I∈Cn I) = ∅ and limsup(
⋃
I∈Cn I) = (0,1]. Notice that x ∈
lim inf(
⋃
I∈Cn I) if and only if σn(x) = 1 ultimately; x ∈ limsup(
⋃
I∈Cn I) if and only if
∑+∞
n=1 σn(x) = +∞.
3. Proof of the result
Lemma 3.1. For any n 2,
λ
( ⋃
I∈Cn
I
)
=
n−2∑
l=2
1
l(l − 1)λ
( ⋃
I∈Cn−l
I
)
+ 1
n(n − 1) .
Proof. By (5) and Lemma 2.3, we have
λ
( ⋃
I∈Cn
I
)
=
∑
k1
∑
σ1+···+σk=n
σi2, 1ik
λ
(
Iσ (σ1,σ2, . . . , σk)
)
=
∑
k1
∑
σ1+···+σk=n
σi2, 1ik
1
σ1(σ1 − 1) · · ·σk(σk − 1)
=
n−2∑
σ1=2
∑
k2
∑
σ1+···+σk=n
σi2, 1ik
1
σ1(σ1 − 1) · · ·σk(σk − 1) +
1
n(n − 1)
=
n−2∑
σ1=2
1
σ1(σ1 − 1)λ
( ⋃
I∈Cn−σ1
I
)
+ 1
n(n − 1) . 
The following renewal theorem will be applied in the proof, see Feller [5, p. 335] for more details.
200 S. Wang, J. Xu / J. Math. Anal. Appl. 374 (2011) 197–200Lemma 3.2. (See [5].) Let {an}∞1 be a sequence of real numbers an  0 such that
∑∞
n=1 an = 1 and 1 is the greatest common divisor
of those n for which an > 0. Let u0 = 1 and un =∑nk=1 akun−k for all n. Then limn→∞ un = (∑∞n=1 nan)−1 ((∑∞n=1 nan)−1 being
interpreted as 0 when
∑∞
n=1 nan = ∞).
Proof of Theorem 1.1. By Lemma 3.1, we have
λ
( ⋃
I∈Cn
I
)
=
n−2∑
l=2
1
l(l − 1)λ
( ⋃
I∈Cn−l
I
)
+ 1
n(n − 1) .
Let u1 = 0, u0 = 1, un = λ(⋃I∈Cn I), a1 = 0 and an = 1n(n−1) for n 2. Thus
un =
n∑
k=1
akun−k.
In view of the above lemma, it follows that
lim
n→∞un =
( ∞∑
n=0
nan
)−1
= 0. 
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